We study a notion of`o-amorphous' (in set theory without the axiom of choice) which bears the same relationship to`o-minimal' as`amorphous' (studied in ?]) does to`strongly minimal'. A linearly ordered set is said to be o-amorphous if its only subsets are nite unions of intervals. This turns out to be a relatively straightforward case, and we can provide a complete`classi cation', subject to the same provisos as in ?]. The reason is that since o-amorphous is an essentially second order notion, it corresponds more accurately to @0-categorical o-minimal, and our classi cation is thus very similar to the one given in ?] for that case. More interesting structures arise if we replace`interval' in the de nition by`convex set', giving us the class of weakly o-amorphous sets. Here in fact there are so many examples that a complete classi cation seem out of the question. We illustrate some of the structures which these may exhibit, and classify them in certain instances not too far removed from the o-amorphous case.
Introduction
In ?] a study was undertaken of so-called`amorphous' sets, which are de ned to be those which are in nite, but which cannot be expressed as the disjoint union of two in nite sets. Although the existence of amorphous sets clearly contradicts the axiom of choice, their study can be justi ed even for those who prefer to assume AC throughout, in view of the close link which there proves to be with the notion of strong minimality in model theory. As remarked in ?], the correspondence is really between the notions of amorphous, and second order strongly minimal, (which is equivalent to @ 0 -categorical and strongly minimal, as is not too hard to see).
Hrushovski asked in this connection what one could say (again in set theory without choice) about uncountable sets which cannot be expressed as the disjoint union of two uncountable sets, a natural analogue at the next cardinal up. This question will be treated (with only limited success) in a companion paper ?], but we wish to refer to the relevant notion here, and so give its de nition. A set is said to be quasi-amorphous if it is uncountable, is not the disjoint union of two uncountable sets, and every uncountable subset contains a countable subset. The reasons for including the nal clause are (i) we wish to exclude amorphous sets, and (ii) we want uncountable subsets of quasi-amorphous sets always to be quasi-amorphous. This latter property corresponds to the fact that any in nite subset of an amorphous set is also amorphous, which can be paraphrased by saying that if a`small' ( nite) piece of an amorphous set is removed the set is still amorphous.
Here we consider another notion related to that of amorphous, which we call o-amorphous' in view of the analogy with o-minimality as studied by Pillay, Steinhorn, Knight and others (see ?] for instance).
Let us call a subset of a linearly ordered set (X; ) an interval if it has the form (a; b) = fx : a < x < bg (or a; b]; a; b);(a; b],|closed on one or both sides) where a; b lie in X f 1g. A subset Y is convex if a < x < b^a; b 2 Y ) x 2 Y .
We then de ne (X; ) to be o-amorphous if it is in nite and its only subsets (de nable or not) are nite unions of intervals. We aim to determine as much as possible about the possible structure of o-amorphous sets. In fact here we are conspicuously more successful than in ?]. A complete`classi cation' (modulo provisos of the kind which were unavoidable there) is achieved. Of course one can view this in a negative light too, and say that because this turns out to be possible, and the classi cation is so closely related to material presented in ?], the corresponding sets must be inherently less interesting. This is in marked contrast to the case for amorphous sets, where there were (at least) four di erent and interesting cases, in at most two of which can ?] be said to have provided some sort of reasonable classi cation.
Since the stronger set-theoretical condition (all subsets have to take a certain form; rather than just those which are rst-order de nable) has such a drastic e ect on the possibilities for o-amorphous sets, it is natural to ask whether there is any chance of weakening the de nition, to extend the results, or to widen the class of structures investigated. This is indeed what we do in the later parts of this paper. The relevant weakening is to allow the subsets of X to be nite unions of convex subsets (that is`intervals' whose endpoints may lie in X or its completion). The term used to describe this is`weakly o-amorphous', by analogy with weak o-minimality.
We now recall the de nition of o-minimality, and illustrate the similarities and di erences between o-minimal and o-amorphous. A structure M is said to be o-minimal if its signature contains a linear ordering of its domain, and any de nable (with parameters allowed) subset of M is a nite union of points and intervals in M with respect to this ordering. In ?, Proposition 1.4] it is shown that the following structures are o-minimal: (i) a discrete linear order with or without endpoints in the language f=; <g, (ii) a dense linear order with or without endpoints in the language f=; <g, (iii) a divisible ordered abelian group in the language f=; +; 0; <g, (iv) a real closed eld in the language f=; +; :; 0; 1; <g.
Mostowski's ordered model ?], discussed below, contains an o-amorphous set which is a dense linear ordering without endpoints, and which can be trivially modi ed to give a dense linear ordering with endpoints. By contrast, (i), (iii), and (iv) cannot arise for o-amorphous sets, because each of them would imply the existence of a subset ordered as Z, contrary to Lemma ?? below. The reason why we are able to prove the existence of such a subset here, in contrast to the situation for o-minimal sets, is that we are working in set theory, and so second order variables are available. The fact that set theory is more restrictive than rst order model theory leads us to expect that for theorems of the form`all o-minimal structures have such-and-such a property' or`if any o-minimal structure has property 1 then it has property 2' we may hope to be able to prove corresponding results for o-amorphous sets which are at least as strong.
As an example, consider the following lemma (Theorem 4.2 from ?]). Lemma 1.1 Let M be o-minimal and A M. Suppose that f is a function with domain (a; b) M (where possibly a = ?1 and/or b = +1) which is de nable with parameters from A, and a; b are elements of A f 1g where A is the ordercompletion of A. Then there are a 0 = a; a 1 ; : : :; a n?1 ; a n = b 2 M f 1g such that (i) a 0 < a 1 < : : : < a n , and a 1 ; : : :; a n?1 are de nable from A; (ii) f is monotone or constant on each interval (a i ; a i+1 ) M ; i < n; (iii) if f is not constant on (a i ; a i+1 ) M , then the image of (a i ; a i+1 ) M under f is an interval in M and f is order-preserving or order-reversing and 1{1 on (a i ; a i+1 ) M .
This result was used in ?] to help prove the exchange property for o-minimal structures. We give a similar result (using essentially the same method) for oamorphous sets, in Lemma ??.
As in ?] our`reconstruction' results will be formulated with respect to Fraenkel{Mostowski models, this being the natural setting for questions about symmetry, permutations, and failure of choice. We therefore work in the theory FM which is the same as ZF except that the axiom of extensionality is modi ed to accommodate the existence of atoms (`urelements') and a unary predicate U is added to the language to single out the class of atoms. The notation used for these models will be as in ?]. Thus U will stand for the class of atoms (usually forming a countable set in the cases we are interested in), G will be a group of permutations of U, and F a lter of subgroups of G closed under conjugacy. The ground model (of FM + AC) will be M, and the Fraenkel{Mostowski model resulting from this choice of group and lter will be written as N.
More precisely, we allow G to act on M by letting gx = fgy : y 2 xg, and then N = fx N : G fxg 2 Fg where G fxg = fg 2 G : gx = xg, the`setwise stabilizer' of x. We shall always assume that F satis es 8u 2 U(G fug 2 F), and this is su cient to ensure that U 2 N. We also need the pointwise stabilizer G x = fg 2 G : (8y 2 x)gy = yg. We say that F is generated by nite supports if H 2 F , H G A for some nite subset A of U. Similarly for F generated by countable supports. If F is generated by nite or by countable supports then F is a lter of subgroups closed under conjugacy.
Mostowski's construction ?] gives the canonical method for constructing an o-amorphous set, though his purpose was rather to produce a model for :AC in which every set can be linearly ordered. In his model the set of atoms U is actually`strictly' o-amorphous, a notion which is de ned by analogy with the case of amorphous sets, and which means that every partition of X has only nitely many non-singleton members. Strictly o-amorphous sets are thè building blocks' for an arbitrary o-amorphous set.
Mostowski's construction is as follows. Let M be a model of FM set theory in which U, the set of atoms, is countable, and let U be indexed (in M) by the set of rational numbers Q. Then it becomes a countable dense linear ordering without endpoints under the induced relation. Let G be the group of orderpreserving permutations of U and let F be the lter of subgroups of G generated by nite supports. This de nes U; G and F, F is a lter closed under conjugacy, and N is the resulting FM submodel of M.
To see that U is o-amorphous in N suppose that X is a subset of U in N. Then G fXg G A for some nite A U. Let A = fa 1 ; a 2 ; : : :; a n g where a 1 < a 2 < : : : < a n . Suppose that x 2 X \ (a i ; a i+1 ) for some i n (where a 0 = ?1 and a n+1 = +1). Then as G A acts transitively on (a i ; a i+1 ), it follows that every member of (a i ; a i+1 ) lies in X. Therefore X is the union of those intervals (a i ; a i+1 ) which it intersects, together with nitely many a i s, thus verifying the condition for U to be o-amorphous. (The link between the set-theoretical properties of the model and the transitivity properties of the group will be a recurrent theme in what follows.) Now let us show that U is strictly o-amorphous in N. Suppose for a contradiction that 2 N is a partition of U having in nitely many non-singleton members, and let G f g G A where A is a nite subset of U, A = fa 1 ; a 2 ; : : :; a n g with a 1 < a 2 < : : : < a n . Let a 0 = ?1 and a n+1 = +1. Then for in nitely many X 2 , jX?Aj 2 and so for some i there are distinct X; Y 2 such that jX ?Aj; jY ?Aj 2 and X \(a i ; a i+1 ); Y \(a i ; a i+1 ) 6 = ;. Pick x 2 X \(a i ; a i+1 ) and y 2 Y \ (a i ; a i+1 ). There is g 2 G A taking x to y and xing U ? (a i ; a i+1 ) pointwise. As g 2 G f g , gX = Y , so X; Y (a i ; a i+1 ). Pick x < x 0 in X and y 2 Y . If x < y there is g 2 G A xing x and taking x 0 to y and if y < x there is g 2 G A xing x 0 and taking x to y. Each contradicts g 2 G f g . We deduce that U is indeed strictly o-amorphous.
The paper is split into two main parts, o-amorphous sets, xx2-3, and weakly o-amorphous sets xx4-6. In x2 we de ne the notion of bounded o-amorphous set and prove some basic results about o-amorphous sets, culminating in the proof that all o-amorphous sets are bounded. We give a canonical method for constructing di erent types of bounded o-amorphous set from strictly o-amorphous sets, and go on to show that given an arbitrary bounded o-amorphous set we can de ne a strictly o-amorphous subset and reconstruct the whole set from this subset by the canonical method. Thus every o-amorphous set can be constructed from a strictly o-amorphous set using one of countably many classi ers.
The In x4 we move on to consider weakly o-amorphous sets, beginning by giving models to illustrate a number of di erent types which can occur. One of the constructions is of a`strictly' weakly o-amorphous set in which U ? U is the union of n interdense weakly o-amorphous subsets, for n < @ 0 . This is a class of weakly o-amorphous sets which we can classify, and we discuss it further in x5. The other models illustrate how complicated the general picture appears to be. In x5 we attempt to reproduce the work in x3 for weakly o-amorphous sets, in particular proving a version of Lemma ?? about the functions which exist.
The nal section introduces a notion of`rank' on weakly o-amorphous sets. We say that members of a weakly o-amorphous set are equivalent if the interval of points between them is order-complete. The non-trivial equivalence classes are then maximal o-amorphous convex subsets, and the set of equivalence classes is shown to be weakly o-amorphous. The construction can now be iterated, giving rise to a notion of rank. We show that all weakly o-amorphous sets have nite rank and outline a method of reconstruction and classi cation for weakly o-amorphous set for which the procedure just described results in a nite set (when it is repeated nitely many times).
Although the positive results for weakly o-amorphous sets cover only a few cases, it should be possible to extend them somewhat, for instance to weakly o-amorphous sets whose order-completion is the disjoint union of @ 0 interdense weakly o-amorphous subsets. Proof Let x y for x y in U if x; y] is nite. Then is an equivalence relation on U with convex classes. Now if fx n : n 2 !g is a subset of U such that x 0 < x 1 < x 2 < : : : then fx 2n : n 2 !g is a subset of U which cannot be written as a nite union of intervals and points. Similarly if x 0 > x 1 > x 2 > : : :. We deduce that each -class is nite. Suppose that there are in nitely many non-singleton -classes and let A be the set of rst elements of these. Then A is a nite union of intervals and points, and some such interval I must contain at least two points x < y of A. But then the successor of x lies in I, and hence in A, which is impossible.
It follows that there are just nitely many non-singleton -classes, and so the set X of elements of U which are not the rst element of their -class is nite.
If x < y in U ?X with no element of U ?X in between, then x; y] fx; yg X which is nite, so x y and y 6 2 X, contradiction. Hence U ? X is densely ordered, and adding the endpoints of U ? X (if any) to X gives the result. 2 Lemma 2.3 If (U; <) is o-amorphous there is a function F on the power set P(U) of U such that for each X U, F(X) is a sequence of elements of U f 1g providing an expression for X in the form S m . Hence B is an in nite subset of U f?1g, and so contains an in nite open interval (x; y). Pick z 2 (x; y) such that j(z; y)j 3 (possible since (x; y) is in nite). As z 2 B, z = f(A) for some A 2 A. Let u 2 (f(A); g(A)) \ (z; y) be such that j(z; u)j 2 (possible since j(z; y)j 3 and (f(A); g(A)) is in nite), and let z < v < u with j(v; u)j 1. Then v = f(A 0 ) for some A 0 2 A. Because j(v; u)j 1 and (f(A 0 ); g(A 0 )) is in nite, (f(A); g(A)) \ (f(A 0 ); g(A 0 )) 6 = ;, contrary to A and A 0 disjoint. 2 Lemma 2.5 Any o-amorphous set (U; <) is Dedekind nite, and there is no map from U onto N. Proof U is Dedekind nite means that it has no countably in nite subset. Suppose therefore that f : N ! U is 1{1 and let g : N N ! N be 1{1. If A n = ffg(n; i) : i 2 Ng then fA n : n 2 Ng are pairwise disjoint in nite subsets of U, contrary to Lemma ??. It follows that U has no countable subset.
Next suppose that f : U ! N is onto. Then ffu : f(u) = ng : n 2 Ng forms a partition of U and finffu : f(u) = ng : n 2 Ng (note that values may occur twice in this set, but no more than this) is a countable subset of U, contrary to what we have just shown. 2 We now prove some lemmas about functions on o-amorphous sets. Proof By Lemma ?? we may suppose that U is densely ordered without endpoints. Since U is o-amorphous, A is a nite union of intervals and points, so for ease we assume that A is an open interval (a; b). Let A 1 = fx 2 A : (9z 2 (a; x))(8y(z < y < x ! f(y) < f(x)))g; A 2 = fx 2 A : (9z 2 (a; x))(8y(z < y < x ! f(y) = f(x)))g; A 3 = fx 2 A : (9z 2 (a; x))(8y(z < y < x ! f(y) > f(x)))g; B 1 = fx 2 A : (9z 2 (x; b))(8y(x < y < z ! f(y) > f(x)))g; B 2 = fx 2 A : (9z 2 (x; b))(8y(x < y < z ! f(y) = f(x)))g; and B 3 = fx 2 A : (9z 2 (x; b))(8y(x < y < z ! f(y) < f(x)))g: Next we show that A 1 \ B 3 is nite. If not it contains an in nite open interval I. (Each member of I thus gives a local maximum of f.) Let X = fx 2 I : (8y 2 I)(x < y ! f(y) f(x))g. If X is in nite it contains an in nite open interval J say. Let x 2 J. As x 2 A 1 there is y < x in J such that (8z)(y < z < x ! f(z) < f(x)). Taking z with y < z < x; z < x^f(z) < f(x) contradicts z 2 X. So X is nite, and by replacing I by an in nite subinterval to the right of all points of X we may suppose that (8x 2 I)(9y 2 I)(x < y^f(x) < f(y)). This is a partition with in nitely many non-singleton members, so contradicts U strictly o-amorphous. Therefore (i) ) (ii Proof If some -class is in nite then it contains an in nite interval. Let I be a maximal in nite interval such that 8x; y Proof If there are in nitely many points of U satisfying ' then there is an interval I = (a; b) of such points. We can then nd functions f 1 ; f 2 such that (f 1 (x); f 2 (x)) is the greatest interval contained in I which is the domain of a function f as in the de nition of '(x). The fact that f 1 and f 2 are well-de ned follows as in Lemma ??. If there is j 2 I such that (8x 2 (a; j))f 1 (x) 6 = a then f 1 is a decreasing function on (a; j), contrary to Lemma ??. We deduce that for some j 2 I f 1 (x) = a for all x 2 (a; j).
By Lemma ??, f 2 is constant, or order-preserving or reversing on some open interval (a; j 0 ) (a; j). Suppose that f 2 (x) f 2 (y) whenever x < y in (a; j 0 ). Then we can map (x; f 2 (x)) 1{1 to (f 1 (x); x) = (a; x) (a; y) = (f 1 (y); y) and map this 1{1 to (y; f 2 (y)), which is a proper subset of (x; f 2 (x)), contrary to Lemma ??. Hence x < y in (a; j 0 ) implies f 2 (x) < f 2 (y).
If the range of f 2 on (a; j 0 ) contains (a; k) for some k, then f ? 1 2 : (a; k) ! (a; j 0 ) is decreasing, so violates Lemma ??. Hence for some k > a, f 2 (a; j 0 ) \ (a; k) = ;. We can now de ne h on (a; k) thus. If x 2 (a; k) there is a unique 1{1 order-reversing function f x from (f 1 (x); f 2 (x)) to itself xing x, and as k < f 2 (x)
we may let h(x) = f x (k). Then h is decreasing on (a; k), contrary to Lemma ?? Proof (i) Clearly any -class is a union of -classes.
(ii) If x 2 a 2 and '(x) then there is a map f which is order-reversing on an interval round x and xes x. Let y 2 a. Then x y, so there is an order-reversing or preserving map g on an interval round y taking y to x. Then g ?1 fg maps y to y and reverses the order on an interval round y. Thus '(y) holds, and if g reverses the order then fg preserves it and so x y.
(iii) Let b 2 and a 2 be such that b a^b 6 = a. By (ii), 8x 2 a(:'(x)), and so there is no order-reversing map taking any x to x. By part (i) each member of is a nite union of members of and in our case this is a union of at least two members. To show that in fact it is the union of exactly two, we let c p be the -class containing c (which is b) and c r be the set of all x 2 U such that there is an order-reversing function on an interval round c which maps c to x. We note that c p c r is the -class containing c, which is a, and as :'(x), c p \c r = ;. Also by combining maps we see that 8x; y(x 2 c r^y 2 c r ) x y). Therefore c r 2 and so c r is the b 0 claimed to exist in (iii).
(iv) Let be a partition of (U; <). Suppose there are in nitely many nite members of not contained in a member of . Then we can nd the rst two members of each of these in di erent -equivalence classes and this forms a function f with in nite domain. We note that for each x in the domain of f, x 6 f(x). By Lemma ?? this function must map some interval in its domain to an interval and so for any point y in this interval y f(y) (by the de nition of ). Clearly this cannot happen and so only nitely many members of are not contained in members of . This lemma is rather clear, and easy to prove, but notice that we have to insert a new point fxg in between the two sets, since (if A has no greatest, and B has no least), A is a subset of X which cannot be written as a nite union of intervals. We now describe a general method for constructing bounded o-amorphous sets from strict ones. We start with a given strictly o-amorphous set S, a natural number n, and a set s 1 < s 2 < < s n?1 of n ? 1 parameters from S. We`cut' S into n pieces (s i ; s i+1 ) (where s 0 = ?1 and s n = +1) and copy each of the pieces a certain number f(i) of times, where 1 f(i) < @ 0 for each i.
Let Z i = fig f(i) and Z = S i<n Z i . The set Z i indexes the required copies of (s i ; s i+1 ), and Z their union. In addition suppose that < is a linear ordering on Z such that:
Finally we need a predicate P de ned on Z such that 8i:P((i; 0)). So if P((i; j)) is false then L ij is just a copy of (s i ; s i+1 ) with an extra point on the left, and if it is true it is a copy of (s i Proof As L ij is a copy of (s i ; s i+1 ) with the same or a reversed ordering, As there are only nitely many ?1 ij s, the bound on the gauges of partitions is max i<n f(i) and we have constructed the bounded o-amorphous set we wanted from our list of parameters s 1 ; s 2 ; : : :; s n?1 and from n, f, P, and the ordering on Z. Conversely we shall show that given a general o-amorphous set U we can nd a strictly o-amorphous subset S and the parameters needed to`rebuild' U from S.
Reconstruction of a bounded set from a strict subset Let U be a general o-amorphous set, the equivalence relation given in . Now we de ne a new equivalence relation (`interval equivalence') I on U, where the intuition is that the I -equivalence classes will be intervals which occur at the same stage in the construction of U from intervals of S.
De nition 3.4 : Let x I y if either: x = y; or n x = n y , p x = p y and for each i < n x there is a function f from a subset of U to U so that (i) the domain and range of f are intervals, (ii) f is 1{1 and order-preserving or reversing, (iii) x; y 2 domf^8a; b 2 domf(n a = n b^pa = p b ),
Lemma 3.5 I is an equivalence relation. Proof Re exivity is immediate. Symmetry. Assume x I y. If x = y then y I x is clear, so suppose that x 6 = y. Then there are n x functions f 0 ; f 1 ; : : :; f nx?1 such that each f i satis es the four conditions for i. To show that y I x we need only show that for each i f i (y) = y] i , because all the other conditions are symmetric.
We may assume that each f i has the same domain by cutting down each domain to their intersection. Next we show that the ranges of the f i are disjoint. Suppose that for some distinct i and j the ranges intersect, and let (l i ; r i ) be the range of f i and (l j ; r j ) be the range of f j . Consider a point a in the intersection and its inverse images f ?1 i (a) and f ?1 j (a). Then f ?1 i f j is a 1{1 order-preserving or reversing map taking an interval to an interval and therefore f ?1 i (a) and f ?1 j (a) are in the same -class. This implies that they are equal as otherwise they would have di erent p numbers and both be in the domain of the functions (contrary to condition (iii) in De nition ??). Now we observe that the functions f i and f j are either both order-preserving or both order-reversing since they agree on the inverse image of the intersection of their ranges. It follows from Lemma ?? that f i = f j , but this contradicts
This shows that the ranges of the f i are disjoint. Now we note that f i (y) y because f i is a function as used in the de nition of . So each f i (y) 2 y] and the order of the f i (y) is the same as the f i (x) (as the ranges of the f i are disjoint). Also n x = n y , so we deduce that f i (y) = y] i because they have the same order as f i (x) = x] i . This establishes y I x.
To prove the transitivity of I , we rst show that if x < z < y and x I y then x I z and y I z. For let f i be the functions as given by the de nition of x I y. We check that they also su ce to verify x I z. First because of condition (iii) we know that n x = n z and p x = p z . Conditions (i), (ii), (iv) and the second half of (iii) are true because we are using the same f i as those used to show x I y. The rst half of (iii) is true because the domain of each f i is an interval and x and y are in it, so that any point between x and y is too. We have now proved x I z and the proof of y I z is similar.
Transitivity Let x I y and y I z. We assume without loss of generality that x < y and x 6 = z. If z < y then either z < x < y or x < z < y. In each case x I z follows by the previous paragraph. So we are left with the case x < y < z.
First note that as x I y and y I z, we have n x = n y = n z and p x = p y = p z . Also we can pick n x pairs of functions f i and g i which satisfy the de nition of I . We may assume without loss of generality that the domains of the f i are the same, and so are the domains of the g i . These two domains intersect since y lies in both. Let the intersection, which is an interval, be labelled X. We show that f i and g i agree on X and the union functions establish x I z. If x or z is a member of X then all three points x,y and z are in one of the domains and therefore that set of functions shows x I z. Thus we may assume that neither domain is a subset of the other. Hence there are only nitely many singleton I -classes. Next we introduce some notation to help give the parameters needed for the construction described at the start of x3. Since I divides U into nitely many intervals and nitely many points, we may number the intervals I 0 ; I 1 ; : : :; I N?1 and the points a 1 ; a 2 ; : : :; a N?1 , each in increasing order. For each i < N we let n i be n x for some (any) x 2 I i ; similarly p i = p x for some (any) x 2 I i . Also we let S = S pi=0 I i S pi=0^i6 =0 fa i g. We note that I i = (a i ; a i+1 ) (where a 0 = ?1 and a N = +1) because U is a dense linear ordering without endpoints and this is the only way to divide it into nitely many intervals and points. Moreover any two points x; y 2 I i are I -equivalent, and so the de nition of n i and p i is independent of the member of I i used.
Lemma 3.6 The subset S of U de ned above is strictly o-amorphous. Proof S is a nite union of intervals and points with one point between each pair of adjacent intervals. Also each of these intervals is an o-amorphous set (as any sub-interval of an o-amorphous set is o-amorphous). By Lemma ?? S is o-amorphous.
To show that S is strictly o-amorphous, suppose that g is a function from a non-trivial interval of S to an interval of S which is 1{1 and order-preserving or reversing and without xed points. By cutting down the domain we can construct a function g from some subset of I i to some I j (possibly with i = j) which is 1{1 and order-preserving or reversing. Pick a point x 2 dom g. Then g(x) 6 = x and the domain and range of g are intervals in U (because they are subsets of some I i ). Therefore x g(x), and this implies that p x 6 = p g(x) . This cannot be the case as 8x(x 2 S ! p x = 0). So there is no such function g and we deduce that S is strictly o-amorphous by Lemma ??. 2 Now we start to de ne the parameters needed to`rebuild' U from S. Let M = jfi : p i = 0gj and de ne functions f, g and h as follows: g : M ! N is given by I g(i) = the ith interval of U for which p g(i) = 0 (so g indexes the intervals of S in increasing order), f : M ! N is given by f(i) = n g(i) (= the number of intervals of U similar to the ith interval of S), h is de ned on pairs (i; j) where i < M and j < f(i), and is given by I h(i;j) = the interval of U containing x] j for some (any) x 2 I g(i) . Lemma 3.7 h is well-de ned, 1{1, and its range is N. Proof To see that h(i; j) is well-de ned, suppose that x; y 2 I g(i) with the object of showing that x] j I y] j . First note that x; y 2 I g(i) implies x I y and so n x = n y and p x = p y = 0. Also there are n x functions f k mapping an interval containing x and y to an interval containing x] k . We showed in the proof of Lemma ?? that the f k must have disjoint ranges and therefore in this To show that h is 1{1 and onto N, pick any I k and z 2 I k . Then z] 0 must lie in some interval I l with p l = 0, so there is i with g(i) = l and hence k = h(i; p z ). This shows that h is onto. Suppose h(i; j) = h(i 0 ; j 0 ). Clearly j = j 0 = p h(i;j) because by de nition, p h(i;j) = j. If x; y are two points in I h(i;j) , by de nition of h there is a 1{1 order-preserving or reversing map from an interval containing x and y to a subinterval of I g(i) and similarly to I g(i 0 ) . So either i = i 0 or i 6 = i 0 , and there is a map from I g(i) to I g(i 0 ) , giving p g(i) 6 = p g(i 0 ) . But 8i(p g(i) = 0) and therefore the rst case holds and i = i 0 . This shows that h is 1{1. 2 Now let Z = f(i; j) : i < M; j < f(i)g and an ordering of Z be given by (i; j) < (i 0 ; j 0 ) if h(i; j) < h(i 0 ; j 0 ). We need to show that (Z; <) satis es the two conditions at the start of x3. First we note that h(i; 0) = g(i) and i < j ) g(i) < g(j). So i < j ) g(i) < g(j) ) h(i; 0) < h(j; 0) ) (i; 0) < (j; 0). Therefore condition (i) holds. Now let i < M and j < k < f(i). Clearly h(i; j) < h(i; k) because x] j < x] k for any x. Therefore condition (ii), 8i8j8k(j < k ! (i; j) < (i; k)) holds.
To de ne the predicate P, let i < M and x 2 I g(i) . We let P((i; j)) hold if the 1{1 map which takes an interval round x to an interval round x] j is orderreversing. Since I g(i) is a I -class, there are maps taking subintervals of I g(i) to I h(i;j) . If there was a pair of maps, one order-reversing and one order-preserving, then we could de ne a map moving one point of I g(i) to a di erent point of I g(i) , which is impossible because no two points of I g(i) are -equivalent. So P is well-de ned, and because the map from I g(i) to itself must be the identity this implies that 8i:P((i; 0)). Lemma 3.8 The construction given at the beginning of x3 produces from the parameters just de ned a bounded o-amorphous set L which is isomorphic to U. Proof For i < M and j < f(i) we shall choose a 1{1 map ij from I g(i) onto I h(i;j) , which is order-preserving if :P((i; j)) and order-reversing if P((i; j)). We let ij (x) = x] j , and then ij (x) is de ned for all x 2 I g(i) , and ij is also We deduce that each interval I h(i;j) is a copy of I g(i) , either in the correct order (when P(z ij ) does not hold) or the reversed order. This tells us that L ij de ned in the construction is isomorphic to I h(i;j) . So L is the union of the L ij with an added point between consecutive ones, and U is the union of I h(i;j) with points similarly added. Moreover the orders of the L ij in L and of the I h(i;j) in U are the same because (Z; <) (which determines the order of L) was de ned from U. So we have proved that L and U are isomorphic. 2 In the remainder of this section we show that (in a suitable sense, and under certain assumptions) in a given model of FM all strictly o-amorphous sets are isomorphic, and using this we can show that any two o-amorphous sets U and V which are classi ed by the same parameters M; f and (Z; <) as de ned above are also isomorphic. The method is to nd strictly o-amorphous S U and T V as above and use the result for strictly o-amorphous sets that S and T are isomorphic (if fact we need that the structures (S; s 1 ; s 2 ; : : :; s n?1 ) and (T; t 1 ; t 2 ; : : :; t n?1 ) are isomorphic for any n, any s 1 < s 2 < : : : < s n?1 in S and any t 1 < t 2 < : : : < t n?1 in T). Since we showed that U is isomorphic to the set L constructed from the parameters M; f; (Z; <) and the strict subset S, and S and T are isomorphic (even with n ? 1 named parameters), the set L 0 constructed from M; f; (Z; <) and T must be isomorphic to L. Therefore U and V are isomorphic.
Reconstruction of Fraenkel{Mostowski models from a strictly o-amorphous set of atoms
We show that a model of FM whose set of atoms is strictly o-amorphous can (by forcing) be extended to a model where the set of atoms is isomorphic to Q, and such that, if we pass to the canonical Mostowski submodel as described in x1, the original model results. It follows that any two strictly o-amorphous sets in a model of FM can be forced to be isomorphic and are therefore elementarily equivalent. (We cannot say that they are isomorphic, since the isomorphism may only exist in the extension; rst order properties holding in the ground model will however be preserved by the isomorphism, and so we can at least say that the two strictly o-amorphous sets, and the universes above them, satisfy the same rst order sentences.) The overall plan is the same as that of ?] for bounded amorphous sets, and Lemmas ?? and ?? correspond to two of the lemmas in ?].
We start by looking at the structure of U n , where U is a given strictly o-amorphous set. For any set X let q n (X) be the set of n-tuples of distinct elements of X. A component is a piece of a`cuboid' de nable from the same parameters as the cuboid, using the ordering, and the idea is to show that any de nable set is a union of sets of this form. We have included the degenerate case a i = b i = c i where the projection onto one or more co-ordinates may be a singleton. When we refer to topological notions on an o-amorphous set, they are always taken with respect to the order topology. Assume then that F n has been de ned, and that X q n+1 (U). Let X u = fha 0 ; a 1 ; : : :; a n?1 i : ha 0 ; a 1 ; : : :; a n?1 ; ui 2 Xg show that C = S u2I f i (u) fug can be e ectively written as a nite union of components. Note that C = fha 0 ; a 1 ; : : :; a n i 2 q n+1 (U) : (j < n ! (r i j < a j < s i j _ a j = r i j = s i j )) a ti(0) < : : : < a ti(n?1)^( b < a n < c _ a n = b)g
If r i j is constant let b 0 j be its constant value, and similarly for s i j and c 0 j . Now assume C 6 = ; (as otherwise we can omit it from the expression for X).
For each j, if r i j is the identity, r i j (a n ) = a n , and so all points of C satisfy a n < a j , and similarly for s i j . Since C 6 = ;, the information on how a n ts into fa 0 ; a 1 ; : : :; a n?1 g (whose ordering is speci ed by t i ) must be consistent, and the possible positions for a n form a union of intervals of U of the form (?1; a ti(0) ); (a ti(0) ); a ti(1) ); : : :; (a ti(n?2) ); a ti(n?1) ); (a ti(n?1) ); 1). Thus C is a nite union of sets C 0 where a n is constrained to lie in one of these. This determines the permutation h. If r i j is the identity we let b 0 j = b and if s i j is the identity we let c 0 j = c. Finally let b 0 n = b and c 0 n = c, and one checks that C 0 = fha 0 ; a 1 ; : : :; a n i 2 q n+1 (U) : 8j n(b 0 j < a j < c 0 j _ a j = b 0 j = c 0 j ) a h0 < : : : < a h(n) g
We let F n+1 (X) be an e ective listing of all such components C 0 arising. 2
In the following lemmas we adopt the method and terminology of ?] for forcing. In particular b x, b F are the canonical names in the ground model M for members x of M and the generic lter F, though we also use x as the symbol of the forcing language denoting x in M F]. We let P <@0 (X) stand for the set of nite subsets of X.
It follows from Lemma ?? that the automorphism group of any o-amorphous set is trivial. It nevertheless possesses certain indiscernibility properties, so the idea is that in a suitable generic extension it will possess many automorphisms, so that we can talk of supports in the permutation group-theoretic sense. If U is a set of atoms, V (U) denotes the`universe above U' (= S 2On V (U), where V 0 (U) = U, V (U) = S < P(V (U)) for > 0). This is the universe on which permutations of U naturally act.
The notion of forcing P we use is the set of order-preserving maps from a nite subset of U into Q, partially ordered by extension; that is q p if qjdomp = p. Any V (U)-generic subset F of P then de nes an orderisomorphism from U to Q, so in the extension the language of supports makes sense, as just remarked. Furthermore, although (U; <) has no non-trivial automorphisms in the ground model, this does not prevent P being a homogeneous notion of forcing, since there are many automorphisms of P induced by permutations of the ranges rather than the domains of the partial maps. This means for instance that any formula of the forcing language containing only canonical names of the form b
x for x 2 M which is forced by some condition, is already forced by the empty condition ;. Lemma 3.11 Let (U; <) be a strictly o-amorphous set of atoms in a model (iii) First we show the existence of a support function sp : V (U) ! P <@0 (U) fUg giving a value A U which is the minimal nite support when it exists, and U when it does not. See ?] for details about minimal nite supports in this model|they are supports of of smallest size and contained in all others. The reason for introducing sp is that for the trans nite induction to work we need to assign supports uniformly to sets far enough up the cumulative hierarchy.
We write G for the group of all order-preserving permutations of U in M F]. Let X 2 V (U) M be a set all of whose members have nite support and such that if x 1 ; x 2 2 X there is g 2 G with gx 1 = x 2 . We show that sp is 1{1 on X. Suppose that A = sp(x 1 ) = sp(x 2 ) for x 1 ; x 2 2 X. By hypothesis there is g 2 G such that x 2 = gx 1 . Now one veri es easily that G fxg G A , G fgxg G gA , so it follows that sp(x 2 ) = g sp(x 1 ). A key point is that we have an equality For u 2 U we let supp 0 u = (0; fug). Now assume that supp has been de ned and let x be of rank . For each 2 On and n 2 N let x( ; n) = fy 2 x : 9B U(jBj = n^supp y = ( ; B))g: Then all members of x( ; n) have nite support. Pick y 1 ; y 2 2 x( ; n) and let supp y i = ( ; B i ). Then jB 1 j = jB 2 j = n and so there is g 2 Aut(U; <) such that gB 1 = B 2 , therefore supp gy 1 = gsupp y 1 = g( ; B 1 ) = ( ; gB 1 ) = ( ; B 2 ).
Thus gy 1 = y 2 . By Lemma ??(iii) each x( ; n) has nite support and hence unique minimal support A( ; n). Let A = S fA( ; n) : 2 On; n 2 Ng. By Lemma ?? A must be nite since the sequence (A( ; n) : 2 On; n 2 N) is well-ordered.
Next we show that G A G fxg . Let g 2 G A and y 2 x. Then y has rank less than so by (i) supp y is de ned and equals ( ; B) for some , B where B is the minimal nite support of y. Thus y 2 x( ; n) where n = jBj, and as A A( ; n), g 2 G A( ;n) so gx( ; n) = x( ; n). Thus gy 2 x( ; n) x. This shows that every set of rank has nite support, and hence minimal nite support.
It remains to assign distinct ordinals to distinct G-orbits of sets of rank where G = Aut(U; <). We show that such G-orbits can be identi ed with unions of G A -orbits of sets of rank less than for appropriate A.
Let X be a G-orbit of sets of rank and let x be a member of X. Then x has minimal nite support A. Since (as remarked in the proof of the previous lemma) G A = G fxg , x is a union of G A -orbits of sets of rank less than . The The set of G A -orbits of sets of rank less than can be identi ed with a set of triples ( ; B; hn 0 ; n 1 ; : : :; n jAj i) for < 0 ; B A; n 0 ; : : : 2 N (by choosing 0 large enough) referring only to A. Hence any union of such G A -orbits can be identi ed (again using A) with a subset of 0 P(A) N jAj+1 , and so with a subset of , and by use of w (the well ordering of P( )) with an ordinal.
We may now associate a unique ordinal with X without reference to x or A, by saying that we take the least ordinal such that for some x 2 X, results from the above de nition. Now suppose that the same ordinal results from two di erent G-orbits of sets of rank . Let x; A and y; B be two choices resulting in this ordinal. Then once A and B have been identi ed, x; y correspond to the same subset T of 0 P(A) N jAj+1 . Let g be an order-preserving permutation identifying A with B, gA = B. Then if x = S fx t : t 2 Tg where x t is the G Aorbit de ned from t, y = S fx t : t 2 gTg = S fx gt : t 2 Tg = g ?1 S fx t : t 2 Tg (since the support of gt is equal to the image under g of the support of t) = gx. So x and y are in the same G-orbit after all. So we can de ne supp +1 : if rank x < , let supp +1 x = supp x. If rank x = let supp +1 = ( ; A) where A is the minimal nite support of x and is the ordinal`code' for the G-orbit x lies in. (Note that lies beyond any ordinal already used in supp ).
Since the minimal nite support of gx is equal to the image of the minimal nite support of x under g, all the properties (i) to (iv) hold for supp +1 .
If supp has been de ned for all < and is a limit ordinal then we let supp x = supp x for < where rank x < . This de nes supp for all . Hence all sets of rank < have nite support. Since was arbitrary, any set has nite support. 2 A domp and by the homogeneity of P, there is an automorphism g of P xing
A pointwise and such that gq 2 F. Thus gqk?b y 6 2 gx, and as gq extends p, and p forces G fxg G b
A , gqk?b y 6 2 x. As gq 2 F, y 6 2 x, contradiction. We deduce that x = fy : pk?b y 2 xg, so x 2 M. To see that M N we again use trans nite induction on rank to show that x 2 M ) x First we give de nitions of some standard auxiliary structures required.
For 1 jCj @ 0 the`C-coloured rationals' are characterized thus: Q C consists of the rationals Q together with a`colouring' function F : Q ! C and for each q 1 < q 2 and c 2 C there is r with q 1 < r < q 2 and F(r) = c. This is su cient (by back-and-forth) to determine Q C up to isomorphism. Any order and colour-preserving map from a nite subset of Q C to Q C can be extended to an automorphism of Q C . See ?] for more details.
Also we shall need coloured linear orderings of higher cardinalities. Hausdor 's sets would su ce for this, but we can establish the existence of sufciently rich coloured orderings without appeal to the GCH (as is in general required to give the existence of sets). If M = (M; <; F) is a coloured linear ordering (or more generally any coloured structure) then we shall need to consider the equivalence relation on M given by x y , F(x) = F(y), and the structure (M; <; ). Any automorphism of (M; <; F) is also an automorphism of (M; <; ), but not vice versa. In the second we can (coherently) permute the colours; in the rst they all have to be xed. Proof Suppose that X is a subset of U in N, and that G fXg G B where B is a nite subset of U. By @ 0 -categoricity G B has only nitely many orbits on U, and by weak o-minimality they are convex sets. Since X must be a union of some of these orbits, this veri es the weakly o-amorphous condition. 2 Let us recall the structures which were described in ?]. They were of two main kinds, and the second construction was extended at the end to show how 2 @0 essentially distinct cases could arise. The rst kind were 1-indiscernible but not 2-indiscernible, and had domain Q n for n a positive integer, ordered lexicographically, and with a natural chain of n + 1 equivalence relations. The behaviour of the Dedekind-completion of the o-amorphous set in one of these models corresponds to that of the`de nable order-completion' of the underlying structure used to de ne it (these being the elements of the Dedekind-completion which are de nable using nitely many parameters from the original structure). In this rst case, the new points of the de nable completion lie in 2n orbits, and so in the model, U ? U is the union of 2n pairwise disjoint weakly o-amorphous subsets (which are not however dense in U).
The other main construction gave examples of @ 0 -categorical weakly ominimal structures which were 2-indiscernible but not 3-indiscernible, this time constructed as branches through certain trees. This is essentially di erent from the previous example, from the present point of view, because here the new points of the order-completion are dense in the original structure, so this case should be regarded as lying at the basic level when considering`rank'. The fact that they are nevertheless quite complicated, with many di erent possible behaviours illustrates that consideration of rank can only be a small part of anỳ classi cation' of weakly o-amorphous sets.
The case where U is a disjoint union of weakly o-amorphous subsets
We give here several constructions for a weakly o-amorphous set whose ordercompletion is a disjoint union of weakly o-amorphous sets. In each case we shall take U to be indexed by a suitable structure, G to be the group of permutations of U induced by that automorphism group, and F to be the lter of nite or countable supports (or possibly, of supports of cardinality less than some xed cardinal ).
Let U = fu q : q 2 Mg where M is the domain of a coloured linearly ordered structure M = (M; <; F). The set C of colours may be nite, countable, or uncountable. In the rst two cases we can just use the C-coloured rationals Q C , and in the latter we use a structure as supplied by Lemma ?? (though in this construction only the properties (i) and (ii) of that lemma are required).
In this family of examples, U will be a well-ordered union of a family of interdense' weakly o-amorphous sets, where the family has cardinality equal to that of the set of colours. To see this, for each c 2 C we let U c = F ?1 (c), so that U c is the set of points of U with colour c. Since by de nition each member of G preserves each U c , it follows that the function taking c to U c for each c 2 C lies in N, and so the family does indeed have cardinality jCj there (and is well-orderable). We shall prove that each U c is weakly o-amorphous in N, and U c = U.
Let X be a subset of U c in N. Thus G fXg G fu1g \: : :G fumg for some u 1 < u 2 < : : : < u m 2 U. Let u 0 = ?1, u m+1 = 1. Suppose that X \ (u j ; u j+1 ) is non-empty, and pick u 2 X \ (u j ; u j+1 ) and v 2 U c \ (u j ; u j+1 ). By m + 1-homogeneity of the automorphism group of Q C , there is g 2 G (u1;u2;:::;um) taking u to v. Therefore g 2 G fXg and so gu = v 2 X. As v was arbitrary, U c \ (u j ; u j+1 ) X. Therefore U c \ (u j ; u j+1 ) X or X \ (u j ; u j+1 ) = ;. This shows that X is a nite union of intervals or points with the endpoints of the intervals in U f 1g. Therefore U c is weakly o-amorphous.
The fact that U c = U follows since U c is a dense subset of U in M, and U is order-complete.
The amorphous case
Here we construct a model containing a weakly o-amorphous set whose ordercompletion is the disjoint union of weakly o-amorphous sets where the union is indexed by an amorphous set. Let U be indexed by Q C where jCj = @ 0 and F : Q C ! C is a colouring map, U = fu q : q 2 Q C g. This time let G be induced by Aut(Q C ; <; ), where q 1 q 2 , F(q 1 ) = F(q 2 ), and let F be generated by nite supports.
The di erence between this and the previous case is that the colours may be permuted by members of G. Let N be the model de ned by U; G, and F. To see that U c 2 N observe that if u 2 U c , G fUcg G fug since U c is the -class containing u. The proof that U c is weakly o-amorphous is as before (in fact this model is contained in the previous one) and again U c = U.
Next we show that = U= is amorphous in M. For this let X in N, and let G fXg G (u1;u2;:::;un) . Write c i = F(u i ) for i = 1; : : :; n. Suppose that X 6 fU ci : 1 i ng and let U c 2 X ? fU ci : 1 i ng. Then for any c 0 2 C ? fc i : 1 i ng there is g 2 G xing each u i and taking c to c 0 (which may be found by`back-and-forth', or else Lemma ?? can be used). Hence U c 0 2 X. So either X fU ci : 1 i ng or X ? fU ci : 1 i ng, and is amorphous. We say that U is weakly o-amorphous of`amorphous type'.
The o-amorphous and weakly o-amorphous cases
The above construction can be modi ed to arrange that has the structure of an o-amorphous or weakly o-amorphous set. For this it is easiest to take for the set of colours the members of Q or the domain of some weakly o-minimal structure M, and restrict the group to include only those members of Aut(M; < ; ) which correspond to an order-automorphism of Q (or an automorphism of the weakly o-minimal structure). It has to be checked that the appropriate back-and-forth property applies, but this works in all cases.
The quasi-amorphous case
In this model, U is similarly a quasi-amorphous disjoint union of weakly o-amorphous subsets. We let U be indexed by a structure M given by Lemma ?? where C = ! 1 . Let G be the group induced by Aut (M; <; ) and let F be generated by G fug for x 2 U and fg 2 G : 8x 2 U(F(x) 2 A ! F(x) = F(gx))g (which we write as G A ) for A such that jAj @ 0 , where is the partition of U induced by M= . This de nes U; G and F, and F is closed under conjugacy since gG fug g ?1 = G fgug 2 F and similarly for G A . Let U = F ?1 ( ) for < ! 1 . Then we prove in the same way as for the previous model that U lies in M, is weakly o-amorphous, and U = U.
To see that = fU : < ! 1 g is quasi-amorphous in N, rst note that the fact that 2 N follows from G f g = G (as G preserves ). For the rest, let X be a subset of lying in N, which we have to show is countable or co-countable. Then G fXg G (u1;:::;um) \ G A for some u 1 ; : : :; u m 2 U and countable subset A of . Let < ! 1 be such that fu 1 ; : : :; u m g S A S fU : < g. Suppose that X 6 fU : < g and let U 2 X where . By choice of (M; <; F), for any there is g 2 G which xes each u i and member of A, and interchanges U and U . We deduce that U 2 X. Since was arbitrary, X fU : g. Hence X or ? X is countable. One also easily veri es that any uncountable subset of has a countably in nite subset, and so is quasi-amorphous. Therefore U 0 is a weakly o-amorphous set for which U 0 ? U 0 is the quasi-amorphous union of disjoint weakly o-amorphous sets.
Similar constructions, which we omit, apply at higher cardinalities.
Models where U ? U is not a disjoint union of weakly o-amorphous sets First we give a model where U ? U has weakly o-amorphous subsets, but is not a disjoint union of such.
Let U = Q C where C = ! f?1g and F : U ! C is the colour map. Let U i = fu 2 U : F(u) = ig for i 2 C, and let G be the group of orderpreserving maps g of U such that fu 2 U : F(u) 6 = F(g(u))g is nite and F(u) = ?1 , F(g(u)) = ?1. (Note that any nite map with this property can be extended to a member of G). We let F be generated by G fug for u 2 U and G fUig for i 2 !. Now we must prove that this lter is closed under conjugacy. If g 2 G, gG fug g ?1 = G fgug 2 F and gG fUig g ?1 = G fgUig . Let B = fu 2 U : F(u) 6 = F(g ?1 u)g, which is nite. We shall show that G fgUig G B \ G fUig . For this, let h 2 G B \ G fUig and u 2 gU i . If u 2 U i then F(u) = i = F(g ?1 u), so u 6 2 B. In this case F(hu) = i as h 2 G fUig . Therefore hu 2 U i . If hu 6 2 gU i then g ?1 hu 6 2 U i and so hu 2 B. But h 2 G B and therefore h ?1 2 G B , so h ?1 hu 2 B, contrary to u 6 2 B. Therefore hu 2 gU i .
Otherwise, u 2 B, and then hu = u 2 gU i . This shows that in all cases hu 2 gU i and so G fgUig G B \ G fUig , as required Now we prove that U i lies in N, and it is weakly o-amorphous and dense in U.
The fact that U i lies in N follows from the de nition of F since each G fUig is in F. To show that U i is weakly o-amorphous, let X U i . Then G fXg G fUj 1 g \: : :\G fUj n g \G fu1g \: : :\G fumg for some n and m where u 1 < : : :u m . Let u 0 = ?1; u m+1 = 1. Clearly if X \ (u j ; u j+1 ) 6 = ; then X \ (u j ; u j+1 ) = U i \ (u j ; u j+1 ), because of the transitivity properties of G. This shows that U i is weakly o-amorphous, and its density in U follows easily.
Next we show that there is no partition of U?U ?1 into weakly o-amorphous subsets. For suppose that is such a partition, and let G f g G fUi 1 g \ : : : \ G fUi n g \ G fu1g \ : : : \ G fumg where ?1 = u 0 < u 1 < : : : < u m < u m+1 = 1. We remark that for any a 2 and j, ja \ ((u j ; u j+1 ) ?
S m k=1 U ik )j 1. For if not, as G f g acts doubly homogeneously on (u j ; u j+1 ) ?
S m k=1 U ik , a (u j ; u j+1 ) ?
S m k=1 U ik , contrary to a weakly o-amorphous. It follows that is in nite. Moreover, since G f g also acts doubly homogeneously on each (u j ; u j+1 ), a similar argument shows that ja \ (u j ; u j+1 ) \ U ik j 1 or a (u j ; u j+1 ) \ U ik , and as a is weakly o-amorphous, the latter case holds for at most one value of k. Since j j > n m+1 there is some a 2 whose intersection with each (u j ; u j+1 ) \ U ik has size at most 1, so this a is nite, contrary to a weakly o-amorphous.
The case where there are no weakly o-amorphous subsets of the set of new points Let U = Q C where C = ! f?1g and let F : Q C ! C be the colouring function. Take for G the group of order-preserving permutations g of U such that fu 2 U : F(u) 6 = F(g(u))g is nite and F(u) = ?1 , F(g(u)) = ?1.
Finally we let n = ffu : F(u) i mod 2 n g : i = 0; 1; : : :; 2 n ? 1g, and let F be generated by G fug for u 2 U and G n for n 2 !.
This lter is closed under conjugacy since each element of the group changes the colour of only nitely many points, so we can use a proof similar to that in the previous example. We have to show that U ?1 2 N, it is weakly o-amorphous, and it is dense in U.
Since each G xes the set of points coloured ?1, G fU?1g = G, so U ?1 2 N.
The fact that U ?1 is weakly o-amorphous again follows by use of the transitivity of G, and its density in U is immediate.
Finally we show that U ? U ?1 has no weakly o-amorphous subset. First we note that i j ) G i G j because j re nes i . Now let X be a subset of U ?U ?1 in N. So G fXg G fu1g \: : :\G fumg \G n for some u 1 < : : : < u m in U. Only one G k is needed, as these groups form a chain. If v lies in the interval (u j ; u j+1 ) \ X then every point of the interval whose colour is in the same n equivalence class as v is also in X. Let Y = (u j ; u j+1 ) \Z where v 2 Z 2 n+1 .
Then Z is the equivalence class of n+1 which contains v, so Y is a subset of X and clearly is not a nite union of intervals and points of X. So X is not weakly this, up to binary structure). The`derived structure' of the weakly o-amorphous set`based' on Q n , in a sense introduced in x6, is just the one based on Q n?1 , and we give further discussion of structures of this kind in that section.
5 Reconstruction results for some weakly o-amorphous sets
Here we reproduce the results from x3, appropriately modi ed for weakly oamorphous sets. We work with a simple type of weakly o-amorphous set which we call`strictly' weakly o-amorphous by analogy with the o-amorphous case, since in view of the examples given in the previous section, it is unrealistic at present to expect to classify weakly o-amorphous sets in greater generality. We say that (X; <) is strictly weakly o-amorphous of thickness N if X is densely linearly ordered, X may be written as a nite disjoint union of N dense subsets, each of which is weakly o-amorphous, and any partition of X has only nitely many non-singleton members. The restriction to such sets enables us to use the same methods as before, but this time we assume that the set of atoms U in the FM models considered is the order-completion of the weakly o-amorphous set rather than the set itself. The idea is to identify U with the coloured rationals Q C in such a way that each weakly o-amorphous set which makes up the union is assigned a di erent colour. The automorphism group will be the group of 1{1 order-and colour-preserving maps, which is not transitive on U, but is on each of the colours. We shall formulate results about the function structure a little more generally than for strictly weakly o-amorphous sets, namely for weakly o-amorphous sets X such that X may be written as the union of a well-ordered family of (not necessarily disjoint) weakly o-amorphous sets X for < (where for ease we take X 0 = X). This includes the strict case, where is nite, and the X are pairwise disjoint. Proof Suppose that Y is a countably in nite subset of X. As Y is linearly ordered, it has a subset order-isomorphic to (!; <) or its reverse, so we assume Y is order-isomorphic to (!; <), Y = fy 0 ; y 1 ; y 2 ; : : :g where y 0 < y 1 < y 2 < : : :.
Then Z = S 1 i=0 y 2i ; y 2i+1 ) is not a nite union of intervals and points, contrary to X weakly o-amorphous. Thus X has no countable subset.
Next suppose that f is a map from X onto !. Then we can de ne g : ! ! X by g(n) = inf fx 2 X : f(x) = ng. Since each set fx 2 X : f(x) = ng is a nite union of intervals and points, g ?1 (x) has at most two members for each x 2 X. So the range of g is a countable subset of X f?1g, and this contradicts the rst part of the lemma. 2 We remark that in view of the examples constructed in x4, we cannot hope to prove that there is no map from X onto ! for general weakly o-amorphous X. Lemma 5.3 Suppose that X is weakly o-amorphous, and X may be written as the union of a well-ordered family fX : < g of dense weakly o-amorphous subsets. Then there is no function f : X ! X such that f(x) < x for every x 2 X. Proof Suppose there is such an f. Then by Lemma ?? for each ; , A = fx 2 X : f(?1; x) (?1; x) \ X g is nite and hence well-ordered. Thus S ; < A is a well-orderable subset of X so by Lemma ?? is itself nite, and so there is a 2 X such that S ; < A (a; 1).
We now extend f so that it is de ned on the whole of X and it still satis es f(x) < x for all x. If x > a and x 2 X ? X let f(x) = a. For other x 2 X let be least so that x 2 X . By choice of a, (?1; x) \ X 6 f(?1; x) for each . Let be least such that f(?1; x) \ X 6 = ;. Then f(?1; x) \ X and (?1; x) \ X ? f(?1; x) are both non-empty subsets of (?1; x) \ X , so are both nite unions of intervals and points. Hence one of them contains and interval of the form (?1; b) \ X and the other is bounded below. Let f(x) be the in mum of the one which is bounded below.
Since f(x) < x for every x 2 X, X contains an in nite descending sequence, contrary to Lemma ??. Proof We use a method similar to that of Lemma ??. 2 Lemma 5.9 Let U be the set of atoms in a model M = V (U) of FM, < a linear ordering of U, and (X; <) a strictly weakly o-amorphous subset of U such that (U; <) is (order-isomorphic to) the order-completion of (X; <). Let X i for i < N be pairwise disjoint dense weakly o-amorphous subsets with union U, X 0 = X, and P be the set of nite partial order-and colour-preserving maps from U to the C-coloured rationals Q C where C = N which for each i map points of X i to points with colour i, partially ordered by extension. If F is a V (U)-generic lter on P and M = V (U) then (i) in M F], S F is an order-and colour-isomorphism : (U; <) ! (Q C ; <), meaning that it takes X i to the set of points coloured by i for each i, In Lemma ?? we used the subsets of x consisting of elements lying in the same orbit. These were called x( ; n), and were characterized as the sets of points y 2 x with minimal support B of size n and supp y = ( ; n). In this proof we need to de ne subsets of x of the form x( ; n; f) where f : n ! f0; 1; : : :; Ng.
Here f tells us which colour is assigned to each of the points in the support. This ensures that there is a (colour-preserving) permutation from any support to any other support.
Later in the proof we need to show that the G A -orbits of sets of rank less than are in 1{1 correspondence with triples of a given form. Proof This is proved in a similar way to Theorem ??. 2 Some results about bounded weakly o-amorphous sets By analogy with the o-amorphous case we say that a weakly o-amorphous set U is bounded if there is a bound on the gauges of partitions of U. For the remainder of this section we assume that U is a weakly o-amorphous set and U ? U is a nite union of dense, pairwise disjoint weakly o-amorphous subsets U i for 1 i < N (and we write U as U 0 ), and we give an outline of results generalizing those of xx2,3, in particular involving boundedness. Lemma 5.12 Any partition of U or of U has only nitely many in nite members and has nite gauge.
Proof We just prove the result for U, and the result for U follows at once.
Let be a partition of U. First we show that the set S of in nite members of is nite. If not we may assume without loss of generality that each member of S is of the form (a; b) \ U i . There is i such that in nitely many members of S are subsets of U i . Let L be the set of left endpoints of members of this in nite collection. Then L has an in nite subset L 0 contained in some U j . Since U j is weakly o-amorphous, L 0 contains an interval of U j , which is impossible since L 0 is a set of left endpoints of disjoint intervals. Therefore has only nitely many in nite members.
The fact that has nite gauge follows from Lemma ?? since any map from to ! induces one from U to !. Proof This is because the gauge of any partition is at most equal to the gauge of 2
In x3 we gave a method for constructing a general bounded o-amorphous set from a strict one. A similar construction can be carried out for weakly oamorphous sets starting from a strictly weakly o-amorphous set U with U i as above. As before we say that members of U i have colour i.
Fix n 2 ! and pick n ? 1 points s 1 < : : : < s n?1 in U. Let s 0 = ?1 and s n = 1. In x3 we used a function f from n to ! to tell us how many copies of each piece (s i ; s i+1 ) of U to make, a linear ordering < on the set of indices Z of the copies of the pieces to tell us in which order they occur and a predicate on Z to tell us whether or not the order of a copy is reversed (relative to the rst copy).
For the construction here, we also require one additional function g, and a predicate Q on Z to tell us, respectively, the colours of the copies of the (s i ; s i+1 ), and which of their in ma lie in the structure. More precisely, in the notation of x3, L ij is taken to be fl s ij : s 1 < s < s i+1 ; s 2 U g(i;j) g and ?1 ij 2 L , (i; j) 6 = (0; 0)^Q(i; j). This de nes the structure L, and it is clear that L is weakly o-amorphous and L is the union of N dense weakly o-amorphous subsets. Also the relation is as expected, relating only those points in copied sections with the points they were copied from.
In x3 we showed that any bounded o-amorphous set had a de nable strictly oamorphous subset and that the bounded set could be reconstructed from this set by the canonical construction. This also works for bounded weakly o-amorphous sets. With this in view we prove a short lemma about functions on weakly oamorphous sets. It is now possible to de ne a subset of U which is a strictly weakly oamorphous set of thickness N, and use the methods given earlier in the section to`reconstruct' U as in x3. The only changes from the o-amorphous case are the problem of keeping track of where the U i s are mapped and the option to include the cut points between the sections in the structure or not.
An important di erence bewteen the ways that the`classi cation' works out for the o-amorphous and these weakly o-amorphous sets is that in the former case the classi er is unique, but in the latter (if N 3) it is not. This is because the choice of the sets U i for 1 i < N is not uniquely determined from U. If these are speci ed, then the classi er is unique. In each case however, the set of classi ers can be e ectively ordered in type !, and so there if is ambiguity, we can just select the rst possible classi er in this ordering. We omit the easy veri cation that one can e ectively tell whether two classi ers classify the same set, but give an example of what can happen.
Let U be a strictly weakly o-amorphous set with N = 3, U the disjoint union of dense weakly o-amorphous subsets U 0 = U, U 1 , and U 2 , a 2 U. Let V = U f0g fzg U f1g; that is, two copies of U placed end to end with a point in between. Let V 1 = U 1 f0g U 1 f1g, V 2 = U 2 f0g U 2 f1g. Then V has three I -classes, U f0g, fzg, and U f1g. Let W = U f0g fzg U f1g, W 1 = U 1 f0g ((?1; a) \ U 1 ) f1g ((a; +1) \ U 2 ) f1g and W 2 = U 2 f0g ((?1; a) \ U 2 ) f1g ((a; +1) \ U 1 ) f1g. Here there are seven I -classes, but W = V , so V 's classi er is non-unique.
Finally let X = U f0g fzg ((?1; a)\U) f1g ((a; +1)\U 1 ) f1g, X 1 = U 1 f0g ((?1; a)\U 1 ) f1g ((a; +1)\U) f1g), X 2 = U 2 f0g U 2 f1g. This appears to be a`mixture' rather like W, and again there are seven Iclasses. This time however the set itself has been altered, so it is not the same as V , the classi er involving the seven pieces is actually the simplest.
We conclude this discussion by remarking without proof that any weakly o-amorphous set U such that U is a nite union of weakly o-amorphous subsets (relaxing the requirements that these be dense and pairwise disjoint) may be written as a nite union of convex subsets of the kind just described (of xed thickness'), and hence these may also be classi ed. Furthermore, concerning existence, for any N, there is a weakly o-amorphous set U such that U is the disjoint union of N dense pairwise disjoint weakly o-amorphous subsets if and only if there is a strictly weakly o-amorphous set of thickness N, and for any Z !, there is a Fraenkel{Mostowski model in which fN : there is a strictly weakly o-amorphous set of thickness Ng = Z: 6 A de nition of rank and a description of the interdense and singly based cases If (U; <) is a linearly ordered set we de ne the equivalence relation on U by letting a b if all points of U between a and b lie in U. Clearly the -classes are convex, and so the family of -classes receives a natural linear ordering induced from that on U. The resulting linearly ordered structure U 0 is called the derived structure of U. We may repeat the procedure to form U 00 ; U 000 , and so on, or slightly better, de ne a chain of equivalence relations E n on U by induction, all having convex classes, thus: E 0 is the identity, f(x; x) : x 2 Ug, and if E n has been de ned, then E n+1 is the equivalence relation on U whose equivalence classes are the unions of the -classes on U=E n . We say that U is xed if U = U 0 (in a slight abuse of notation), by which is meant that E 0 = E 1 .
Then a weakly o-amorphous set U is xed if and only if U ? U is dense in U (in which case we shall say that U is interdense). Proof The union S X of any subset X of U 0 is a subset of U which is a union of -classes. Since U is weakly o-amorphous, S X is a nite union of convex subsets of U and it follows that X is a nite union of convex subsets of U 0 . 2 Let us now de ne U is either (weakly o-amorphous and) interdense or a singleton.
Proof Let E n (x) be the E n -class containing x. Then fxg = E 0 (x) E 1 (x) E 2 (x) : : :, so by Lemma ?? for some n = n(x) 2 !, E n (x) = E m (x) for all m n. Applying the same lemma a second time we see that n(x) is bounded, which gives the desired result. 2 This lemma allows us to de ne a notion of`rank' on any weakly o-amorphous set (U; <) to be the least n such that U (n) is xed. This is intended to measure how complicated a given weakly o-amorphous set is. If U has rank n then we say its base set is U (n) , and we also write this as U . This is the xed set formed after applying the derivation operation n times. We say that U is singly based if U is a singleton.
A possible general strategy for classifying weakly o-amorphous sets begins by classifying the xed weakly o-amorphous sets U (those for which U 0 = U) and then describes, given any xed set U, which possible weakly o-amorphous sets have U as base. The rst possibility is that U is interdense, and examples of this type were given in x4, which were su ciently complicated and varied to suggest that a general classi cation is out of the question. To make progress here we therefore concentrate on the singly based case, but sketch how knowledge of singly based sets is also required in the interdense case. Now any linearly ordered set (U; <) at all (weakly o-amorphous or not) may be described in terms of (U 0 ; <) and the equivalence classes (x) for x 2 U (as ordered sets), since U is just the`lexicographic sum' of its -classes. The general statement for the weakly o-amorphous case is as follows. is a nite union of intervals of (x) with endpoints in (x) f 1g. Let X be the set of members of U 0 such that Y \ (x) is a proper non-empty subset of (x) , and for each x 2 X let f(x) be the least endpoint of an interval lying in (x) . By (iii), X must be nite. It now follows from (i) that Y is a nite union of convex subsets of U as required. 2 If (U; <) is interdense, then this lemma provides no simpli cation at all. The idea in de ning rank is that it helps us to analyse cases where there is a simpli cation. Here we may suppose inductively that we have`classi ed' (or at least have some knowledge of) weakly o-amorphous sets of smaller rank. Now o-amorphous sets were classi ed in x3, and so we know the possible candidates for the -classes. The point of condition (iii) is that it tells us that only nitely many -classes can be non-strictly o-amorphous non-singletons. For it was clear from the analysis of o-amorphous sets in x3 that there is a (global even) choice function on the class of in nite non-strictly o-amorphous sets. So in building a rank n weakly o-amorphous set we should start with a rank n ? 1 weakly oamorphous set, and a suitable family of strictly o-amorphous sets, or singletons (and possibly just nitely many general o-amorphous or nite sets), and replace the points of the rank n ? 1 set by these choices, using sets of the same type on each of nitely many convex subsets. Condition (iii) on the absence of a choice function captures the precise sense in which the strictly o-amorphous sets have to be`unrelated', though one has an informal intuition about this. For instance, they cannot all be equal, as we could then just choose the same point from each, or more strongly, the intersection of any in nite subfamily must be empty, and so on.
The simplest singly based example is the weakly o-amorphous set U corresponding to the weakly o-minimal set naturally constructed from Q 2 as in x4. The derived set U 0 here is o-amorphous and the second derived set U 00 is a single point, so U has rank 2. Similarly the weakly o-minimal set naturally constructed from Q n is also singly based and has rank n.
In analysing general singly based sets of rank n we may think of the sets U; U 0 ; : : :; U (n?1)
; U (n) as forming the levels of a tree ordered by inclusion, U (n) the root, U the set of leaves. The fact that this is a tree follows since the structure consists of just nitely many re ning equivalence relations, (and since U is singly based, which tells us that it has a root). The weakly o-amorphous set just described gives rise to a tree with three levels (n+1 for Q n ) and strictly o-amorphous branching on each level. The group corresponding, and the one which would be used in constructing an FM model where such a set existed, is the wreath product of two (more generally n) copies of the order-preserving permutations of Q. Now the`canonical' structures (U; <) based on Q n just mentioned have the property that U has no de nable (without parameters) point. Here by`de nable' we must mean in set theory, so that second order de nitions for instance are allowed. Let us call this property indecomposability, since as illustrated in Lemma ??, for a family of such sets, it corresponds to the impossibility of uniformly nding a proper non-empty subset. The proof of the lemma illustrated why this was relevant, and it is clear that the only indecomposable weakly oamorphous sets which are singly based and of rank 1 are strictly o-amorphous. It is not so obvious how to express the condition for a rank 2 weakly o-amorphous singly based set to be indecomposable, though it is certainly necessary that U 0 and each -class be strictly o-amorphous. At any rate the notion of indecomposability allows us to throw a little more light on the structure of a general singly based weakly o-amorphous set (U; <) of rank n. Instead of removing the top level of the tree we start at the bottom, and consider all the points U x of U lying above a xed x 2 U (n? 1) . Now U is the lexicographic sum of the U x for x in U (n? 1) , and the same argument as in Lemma ?? shows that all but nitely many U x s must be indecomposable.
Moreover for U itself to be indecomposable, all U x must have the same`classi er', and they must be su ciently independent, in the (rather vague) sense described above. We leave it as a problem for further consideration to give a more explicit characterization of indecomposability in a similar spirit to that of strictly o-amorphous. At any rate, the notion should be such that the reconstruction results for strictly o-amorphous sets of x3 carry over to the more general situation, and establish that there is`only one' rank n singly based indecomposable weakly o-minimal set. From this we can deduce that there are precisely @ 0 essentially distinct singly based weakly o-minimal sets as we now outline.
For the basis case the rank is 1 and, as already remarked, a singly based rank 1 weakly o-amorphous set is o-amorphous or nite. Here`o-amorphous' has to include the possibility of there being nitely many discrete points (c.f. Lemma ??) but the analysis of x3 shows that there are still only @ 0 possible classi ers since we just need to code the number of the discrete points and their positions relative to the de nable points and functions in a general bounded o-amorphous set.
At the inductive step, U (n? 1) can be of any of the types just described ( nite or o-amorphous). In addition to this, all but a nite set of U x s must be indecomposable of rank n ? 1, and as we have argued, there will only be one such type. There may also be a nite exceptional set of U x s of rank n ? 1 which we are inductively assuming can be of only @ 0 possible types. We also have to record where they occur, but again this can only happen in @ 0 ways.
We conclude by remarking on the interdense case. Suppose that U is weakly o-amorphous of rank n and is not singly based. Thus U is interdense and for each x 2 U , U x is weakly o-amorphous singly based of rank n. As in the above argument we see that all but nitely many U x s must be indecomposable. Moreover, U can be written as a nite union of convex subsets on each of which the rank of U x is constant. Given U , to specify what U is we therefore need to know (i) the convex sets on which U x has xed rank, (ii) for each such convex set what that rank is, and where the ( nitely many) decomposables lie, (iii) which (singly based, of that rank) decomposable sets occur at each of those points.
By far the hardest part appears to be to obtain any reasonable classi cation or description of the possibilities for U (which could be any interdense weakly o-amorphous set). Assuming that is done, there may still be uncountably many possibilities for (i). Once this is decided, there are only @ 0 possibilities for what remains. The singly based case is therefore shown to throw some light on the general case, and certainly provides a plethora of construction methods, even if it does not genuinely advance the full classi cation problem.
